I. INTRODUCTION
Condition monitoring is a valuable preventative maintenance tool to extend the operating life of a machine. Of the techniques available, vibration monitoring is the most widely used technique in industry today. However, most mechanical faults in machinery reveal themselves through transient events in vibration signals. That is, the vibration generated by industrial machines always contains nonlinear and nonstationary signals. It is expected that a desired time-frequency analysis method should have good computation efficiency, and have good resolution in both time domain and frequency domain.
In order to describe the transient vibration behaviour clearly, researchers have proposed some advanced signal processing methods. Meng and Qu [1] introduced the WignerVille distribution (WD) to process fluid-excited vibration. Zheng [2] proposed an advanced WD to characterise the vibration behaviour of a breathing crack in a rotor. Newland [3] investigated the harmonic wavelet transform (WT) to analyse the transient vibration excited by defects of rolling bearing elements. Because of the interference effect of the cross-term in WD and the lower time-frequency resolution in WT, these two methods are restricted to some extent in practice.
Recently, higher-order spectra (HOS) [4] [5] [6] [7] have been introduced as spectral representation of deterministic and stochastic signals. They are able to characterize random processes (other than Gaussian processes) more completely than the second-order (power) spectra. Gerr [8] proposed a definition for the third-order WVD for deterministic signals. This definition was later extended to a general order WVD [9, 10] termed the Wigner higher-order moment spectra (WHOMS). These exploit the instantaneous (n+1)th-order moment function. For a stationary random process, the expected value of WHOMS reduces to the higher-order moment spectra. WHOMS are not cumulant based and as such are not invariant to additive Gaussian noise. The cumulant based higher-order WVDs are proposed in [11] and further studied in [12] . However deterministic signals can be regarded as Gaussian signals with zero variance, and thus are suppressed using the cumulant based definition [9] . The WHOMS preserve and generalise all the important properties of WVD. In this paper, WHOMS (Wigner higher-order moment spectra) are discussed in vibration signals, with emphasis on their cross-terms, resolution in both time domain and frequency domain.
II. HIGHER-ORDER WIGNER-VILLE MOMENT DISTRIBUTION

A. Definition of Wigner Higher-Order Moment Spectra (WHOMS)
Let x(t) be a complex deterministic signal. The WHOS of order k of x(t), 
is defined with an arbitrary time delay α . Note that 1 ( ,..., )
t k R τ τ is defined such that one of the factors in the product is a delayed version of the conjugate of x(t) and the rest are delayed versions of x(t). It is shown in [9] that at least one conjugate term is necessary in the definition of
x(t) is a deterministic analytic signal. To fulfill the three basic propeties of time-frequency distributions, in a higher order moment spectrum domain, the value of α should be chosen
properly. In particular, to attain the instaneours frequency as the mean frequency in the multifrequency space at a given time, it will be shown that ... 1
Therefore, we obtain the Wigner-Ville distribution. k=1, the Wigner bispectrum (WB).k=2, and the Wigner trispectrum (WT). k=3, as special cases of equation (6-8) as follows.
Wigner_Ville distribution (WD)
2 3 ( , , , ) [13] The analysis of non-stationary signals using WHOS requires the computation of multidimensional FFTs for every temporal sample. In particular, if the Wigner Bispectrum is used, two-dimensionaly FFTs are used. If the number of computations has to be kept under a reasonable number per sample, the temporal resolution needs to be reduced. Moreover, the calculation of the Wigner Trispectrum requires three-dimensional FFTs for every temporal sample demanding for a huge computational cost. In order to reduce the computational complexity and to allow at the same time a good resolution in time and frequency, we thought of representing and computing, only a two-dimensional slice in the Wigner Bispectrum and Trispectrum. The slices are the planes corresponding to f1=f2 and f1=f2= -f3 respectively. That is, in a continuous form,
2 3 Observe that the definition of the Wigner Trispectrum includes two conjugate terms. Although we defined the WHOS in [14] with only on conjugate factor, we stated that all definitions containing at least one term depending on x(t) and at least one depending on * ( ) x t were valid. The reason for choosing one symmetric definition of the Sliced Wigner Trispectrum is two fold. First, the distribution becomes real, and second, as we comment in next section, it allows efficient cross-term cancellation. We computed and represented the Sliced Wigner Bispectrum (SWB) (where its magnitude is represented since it is complex function) and Sliced Wigner Trispectrum(SWT) for different chirp-like transient signals. Simlilar time-frequency resolution capabilities could be observed for all representations. [13] One of the most important drawbacks of classical timefrequency distributions like the Wigner-Ville is the presence of spurious cross-terms that arise when analyzing multicomponent signals. In fact, cross-terms suppression has become another desirable property of modern time-frequency representations leading to new members of Cohen's general class [15] . Among others the Choi-Williams distribution [16] and its generalizations have gained great interest.
C. Reduced Interference Higher-Order Distributions (RIHOD)
Since the WD is a quadratic transform, the WD of the sum of two signals is not the sum of the individual WD's, but also has cross-terms. These cross-terms make it difficult to interpret the WD. These cross-terms may be suppressed by appropriate filtering, in the ambiguity function domain, that is, by appropriate choice of the kernel ( , ) φ θ τ . In order to reduce the effects of the cross-terms, Choi and Williams [17] proposed using the kernel 2 2 ( , ) exp( / ) φ θ τ θ τ σ = −
(12) where the parameter σ controls the amount of attenuation (the amplitude of the cross-terms is proportional to σ ).
Unfortunately, increased suppression of cross-terms invariably leads to smearing or loss of resolution of the auto terms in the time-frequency plane. Cross-terms can usually be suppressed via this approach, but with a concomitant loss of resolution. In practice, θ is a discretized frequency grid. The simplified implementation that we propose is based in the following observations: the SWT given by (11) is real like the WD; auto-terms and cross-terms appear in a very similar fashion in the SWT and in the WD. Consequently, the orginal Choi-Williams' kernel can be applied to the SWT and similar cross-terms cancellation is expected. That is, we propose the following definition for the Sliced Reduced Interference Trispectrum Distribution:
, exp ( 2 )exp ( 2 ) exp ( 2 )exp( 2 )
) where the slice f 1 = f 2 = -f 3 is computed; the resulting sliced WT is real valued. As in the case of the WD, cross-terms can usually be suppressed by this approach, but with a concomitant loss of resolution. In contrast to the WB, the filtering does not unduly distort the auto terms.
III. APPLICATION OF WHOMS TO FAULT DETECTION IN ROTATING MACHINERY
In the run up or shut down stage, the vibration signal is typically transient along with frequency modulation and amplitude modulation because of acceleration and the characteristics of the rotating machinery itself. Therefore, the characteristics of transient vibration cannot be precisely described by means of the conventional spectrum cascade plots. Fortunately, the WHOS method is an effective tool that can accomplish this analysis. To verify WHOS as being both scientifically valid and effective, the following laboratory test result is presented.
The test rig consists of two rigid disks and two bearing supports. The rotor system is driven by an electric motor incorporated with a shaft through a flexible coupling. The original signal must be sampled at twice the Nyquist rate or faster, in order to avoid aliasing.
The impulse signals generated by faults in a rotating machine are generally immersed in a variety of harmonic and broadband signals, If such raw signals are analysed using the WVD (or SWT). the plethora of cross-terms created makes interpretation of the time-frequency plot extremely difficult. To overcome this problem, the signals are preprocessed prior to the time-frequency analysis to reduce tonal signals and to eliminate some of the broadband noise. This section compares the use of the WVD and SWT for use in the time-frequency analysis of the preprocessed signals (see Fig. 1 ). θ is the parameter in the Choi-Williams window, and controls the amount of cross-term suppression; very large values result in no suppression, whereas very small values result in loss of signal terms. The default value is 0.05. In the original fault vibration signal illustrated in Fig.1 , there is no way to analyse vibration characteristics clearly. The regular FFT spectrum illustrated in Fig. 1 gives an average effect and conceals the transient property of the rotor in passing through a critical speed. To prove that WHOS possesses excellent properties, a comparison is introduced with some other time-frequency representation methods through the above simulation signal. Fig.2,4,6 presents the time-frequency distribution obtained by the Wigner-Ville Distribution(WD), the Sliced Wigner Bispectrum(SWB), the Sliced Wigner Trispectrum(SWT) respectively. Because of the presence of cross-terms in WD, SWB and SWT , the two 1X and 2X components is mixed completely and cannot be discriminated in time-frequency plane. Figure 3 ,5,7 with the panel of Figure 2 ,4,6; note that the cross-terms have been suppressed. It should be noted that this filtering may, in fact, destroy signal terms in the WB (but not in WD or WT). Wigner spectra of different orders offer different perspectives on the data, and are useful for exploratory data analysis. The application of the ChoiWilliams kernel to the Wigner bispectrum does not guarantee preservation of the auto-terms; consequently, this routine should be used with great caution Fig.6 . WT of the fault vibration signal without smoothing Fig.7 . WT of the fault vibration signal smoothing using a Choi-Williams kernel
IV. CONCLUSIONS
Higher-order cumulant and moment spectra have been applied to the analysis of the fault vibration signals in this paper. This paper has demonstrated that WHOMS (Wigner higher!order moment spectra) have potentially significant advantages over WVD in a condition monitoring environment: There is a very high distribution concentration at the instantaneous frequency, corssterms are removed (or reduced), and signal oversampling is not necessary.
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